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A multi-dimensional continuum-level constitutive model of shape memory alloys exhibiting pseudoelastic behavior has
been developed in this paper. The current model is an extension of the one-dimensional model previously developed by the
authors, which consists of a constitutive relation and a transformation evolution rule (kinetic relation). The constitutive
relation is constructed based on the gradient of a transformation potential function (eﬀective stress), and the kinetics of
transformation are expressed based on a set of transformation surfaces in stress-temperature space. The constitutive rela-
tion allows for the reorientation of the transformation strain tensor according to the current state of stress. The model is
used to simulate the localized deformation and transformation front propagation in NiTi strip under quasi-static exten-
sion. Special attention has been paid to the multi-axiality of the stress state at the transformation front during the forward
and reverse transformations. It is shown that the ability of the model to consider the reorientation of the transformation
strain tensor results in full recovery of transformation strain upon unloading, and a uniform distribution of stress in the
transformed areas in spite of the localization of transformation. It also produces a stress gradient that dictates the direction
of the transformation front propagation during both the forward and reverse transformations.
 2007 Elsevier Ltd. All rights reserved.
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method1. Introduction
Shape memory alloys (SMA) are classiﬁed as smart or intelligent materials which exhibit two characteristic
behaviors known as shape memory eﬀect and superelasticity. Shape memory eﬀect involves the recovery of
residual inelastic deformation by raising the temperature of the material above a transition temperature,
whereas in superelasticity, large amounts of deformation (up to 10%) can be recovered via a hysteresis loop
by removing the applied loads. These properties, which are functions of temperature and stress, allow SMAs0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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Nomenclature
e, eij, {e} total strain tensor
eðpÞ; eðpÞij plastic strain tensor
eðeÞ; eðeÞij elastic strain tensor
eðtÞ; eðtÞij transformation strain tensor
eðtÞ eﬀective transformation strain
r, rij, {r} stress tensor
Sij,{S} deviatoric stress tensor
r Von-Mises eﬀective stress
T temperature
c martensitic fraction
Q plastic potential function
P transformation potential function
FA!M, FM!A forward and reverse transformation potential functions
C, Cijkl equivalent elastic compliance tensor
CðAÞ;CðAÞijkl elastic compliance tensor of austenite
CðMÞ;CðMÞijkl elastic compliance tensor of martensite
E, m equivalent Young’s modulus and Poisson’s ratio
EA, EM Young’s modulus of austenite and martensite
mA, mB Poisson’s ratio of austenite and martensite
rM, rA martensitic and austenitic transformation stresses
rMN, rMC martensite nucleation and completion stresses
rAN, rAC austenite nucleation and completion stresses
Det maximum transformation strain
dij Kronecker delta
F axial force
d axial displacement
A0 original cross-sectional area
L, b, t length, width, and thickness of SMA strip
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composites, shape memory sensors and actuators, medical implants, and orthodontic wires (Duerig et al.,
1990; Wei et al., 1998a,b).
The origin of the extraordinary behaviors of shape memory alloys is the reversible transformation between
two solid phases, called austenite (A) and martensite (M), which can be induced by either a change in temper-
ature or stress. It has been shown through experiments that the stress-induced martensitic transformation in
axially loaded NiTi shape memory alloys is inhomogenous and proceeds in a Luder-like manner (Shaw and
Kyriakides, 1995; Liu et al., 1998). Shaw and Kyriakides (1995) studied the phenomenon by measuring local
deformations using multiple miniature extensometers, and demonstrated that, at low strain rates (of the order
of 104 s1 and smaller), the stress-induced A!M and M! A phase transformations in NiTi wires take
place at constant stresses and result in distinctly nonuniform and propagating instabilities. Liu et al. (1998)
reported that the end of the stress plateau in the pseudoelastic response is not the end of the phase transfor-
mation and that stress-induced transformation continued beyond the stress plateau. Based on these observa-
tions, Liu et al. (1998) suggested that the Luder-like deformation is more mechanical in origin rather than
transformational, i.e., the beginning and end of stress plateau is associated with the initiation and eventual
coalescence of several transformation fronts rather than homogenous nucleation and completion of transfor-
mation throughout the sample.
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dynamic response of shape memory alloys. Shaw and Kyriakides (1995) demonstrated that the ampliﬁed rate
of deformation due to localization of transformation can signiﬁcantly increase (or decrease) the temperature at
the transformation front, which in turn aﬀects the overall response of the material and is the origin of rate
dependent behavior observed in SMAs.
Several attempts have been made in the past decade to model the localized transformation in SMAs. Abey-
aratne and Knowles (1993) developed a one-dimensional thermodynamic framework based on the Helmholtz
free energy to simulate the isothermal transformation in an SMA bar. They treated propagating phase bound-
aries as traveling ﬁeld discontinuities. Shaw and Kyriakides (1998) proposed a plasticity-based model to cap-
ture the material instability observed in NiTi strips. Based on the similarities between the unstable
propagation of Luder bands in ﬁne-grained mild steel and the transformation bands in SMA strips subjected
to uniaxial tension, they concluded that continuum-level strain localization is the dominant mechanism in the
observed behavior of NiTi strips. The material was assumed to behave as an isothermal, rate independent
J2-type elasto-plastic solid with isotropic softening. However, the irreversibility of the plasticity model used
by Shaw and Kyriakides (1998) limited their analysis to the forward transformation during loading, and
the reverse transformation and strain recovery in SMAs upon unloading was ignored.
Recently, Azadi et al. (2006) developed a one-dimensional phenomenological model based on the experi-
mental observations reported by Shaw and Kyriakides (1995) to simulate the phase transformation and trans-
formation front propagation in SMA wires. They assumed that the untransformed particles located close to
the transformed regions are less stable than those away from the transformed regions. In the present paper, the
one-dimensional model is extended to a multi-dimensional thermomechanical model of transformations in
both the forward and reverse directions. Characteristics and limitations of the incremental constitutive rela-
tions in modeling of pseudoelastic response are discussed. It is shown that the path-dependent nature of
the inelastic deformation (transformation strain) in incremental constitutive models may prohibit the full
recovery of inelastic deformation in a continuum body. Derivation of a total transformation strain constitutive
model is then presented. The model is implemented to simulate the propagation of localized deformations dur-
ing pseudoelastic response of a NiTi short strip under uniaxial extension. The results of simulation show suc-
cessful recovery of the inelastic deformation via propagation of a reverse transformation front throughout the
sample. The model is developed for general thermomechanical loading including temperature, however, ther-
mal eﬀects are neglected in the numerical example presented in this work. The eﬀect of heat generation on
pseudoelastic response and propagation of transformation front(s) is currently under study (Azadi, in
progress).2. Applicability of plasticity-like constitutive relations in pseudoelasticity
2.1. General remarks on reversibility of transformation strain at a material point
Based on the classical ﬂow rule of plasticity, the increment of plastic strain tensor de(p) is related to the gra-
dient of a plastic potential function Q through following equation:deðpÞij ¼ dk
oQðrÞ
orij
ð1Þwhere r is the stress tensor and dk is a positive scalar known as plastic multiplier. The multiplier factor dk is
determined using the yield criterion in plasticity theory. Depending on the choice of the plastic potential func-
tion Q and yield criterion, various plasticity theories can be developed. If the chosen potential function and
yield surface are expressed by the same functions, the corresponding ﬂow rule is known as an associated ﬂow
rule. If diﬀerent functions are used for the plastic potential and the yield surface, the resulting ﬂow rule is
called a non-associated ﬂow rule.
For ordinary metals, plastic strain is produced because of the movement of dislocations inside the micro-
structure. Therefore, it is irreversible and cannot be recovered by mechanical unloading. In contrast with this,
the transformation strain observed in the pseudoelastic behavior of SMAs is produced by simultaneous stress-
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the reverse transformation.
The question that naturally arises is whether a similar ﬂow rule can also be implemented to describe the
pseudoelastic behavior of SMAs or not? In that case, Eq. (1) can be modiﬁed to give the increment of trans-
formation strain during the forward or reverse transformation as:deðtÞij ¼ dk
oP ðr; T ; cÞ
orij
ð2Þwhere e(t) is the transformation strain tensor, P is the transformation potential function, and c is the volume
fraction of martensite phase which is a positive scalar varying between 0 and 1. The fundamental deference
between the above equation and the ﬂow rule of plasticity (1) is that the scalar multiplier dk in Eq. (2) can
be either positive or negative depending on the direction of transformation (forward or reverse). The rate
of transformation strain is proportional to the rate of martensite phase production dc. Therefore, (2) can
be rewritten in the following form:deðtÞij ¼ A
oP ðr; T ; cÞ
orij
dc ð3Þwhere the proportionality factor A is a function of material properties, state variables, and loading history in
general. Similar to the concept of yield surface in plasticity, the evolution of transformation in forward or re-
verse direction is governed by the corresponding kinetic relations, which control the extent of transformation
(c) in terms of state variables.
Integrating the incremental equation in (3) gives the total transformation strain:eðtÞij ¼
Z
A
oPðr; T ; cÞ
orij
dc ð4ÞIt can be seen from this equation that the total transformation strain e(t) depends on the integration path and
loading history. In order to ensure the reversibility of the transformation strain, the integral in (4) must van-
ishes at the end of reverse transformation where c becomes zero for any loading/unloading path. This is a
mathematical constraint that must be satisﬁed regardless of the physical properties of material. Therefore,
the determination of proper transformation potential functions and corresponding yield surfaces (transforma-
tion surfaces) during forward and reverse transformations is more complex than in plasticity theory.
2.2. Reversibility of transformation-induced deformation in a ﬁnite volume
So far, the necessary mathematical condition for the reversibility of transformation strain at a material
point was discussed. In problems with uniform stress ﬁeld, this condition is suﬃcient to ensure the full recov-
ery of transformation strain throughout the spatial domain. However, multi-dimensional problems generally
involve non-uniform stress ﬁelds, and individual points in the continuum body may experience various loading
paths. Unlike the elastic deformation, the transformation strain described by the incremental ﬂow rule of (4) is
not a functional of the ﬁnal state of stress and temperature, but depends on the integration path. Therefore,
the mathematical reversibility of constitutive relations for a single point does not automatically ensure the
shape recovery over the entire volume. This is especially true when localization of transformation and/or stress
concentration result in peculiar and complex stress distributions in the continuum domain. In fact, Azadi (in
progress) has shown by numerical simulations that at least a particular path-dependent constitutive equation
of pseudoelasticity that is reversible for uniform stress ﬁelds, fails to fully recover the transformation strain
during localized pseudoelastic behavior.
Finding a proper transformation ﬂow rule that is truly reversible and guarantees the recovery of trans-
formation strain for any loading path and geometry is a challenging problem. In the following section, the
aim is to propose a multi-dimensional constitutive model that is not only mathematically reversible at a
single material point, but also gives a consistent solution over the entire domain during pseudoelastic
response.
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The ﬂow rule given in Eq. (3) relates the increment of transformation strain tensor to the increment of mar-
tensitic fraction c and the gradient of a potential function. Since the gradient of the potential function is not
constant during the loading path, the components of the ﬁnal transformation strain depend on the integration
path and loading history. If the potential function and kinetic relations are not carefully chosen, there is a high
possibility of irreversibility along some integration paths, unless the use of model is limited to the proportional
loading–unloading cases. In this section, a diﬀerent type of constitutive relation is proposed in which the total
transformation strain is related to the gradient of a potential function.
3.1. General considerations
Conventional additive strain decomposition is used to relate the total strain e to the elastic strain e(e) and
transformation strain e(t):eij ¼ eðeÞij þ eðtÞij ð5Þ
The elastic strain tensor is related to the stress tensor through the forth-order compliance tensor C as:eðeÞij ¼ CijklðcÞrkl ð6Þ
It is assumed that the equivalent compliance of the material C is a linear function of martensitic fraction c,
given by:CijklðcÞ ¼ cCðMÞijkl þ ð1 cÞCðAÞijkl ð7Þ
where C(A) and C(M) are the compliance tensors of the individual austenite and martensite phases, respectively.
The martensitic fraction c is a positive number between 0 and 1, which characterizes the extent of transforma-
tion, i.e., c = 0 corresponds to the full austenitic phase and c = 1 corresponds to the full martensitic phase at a
point. In this study, the individual phases are assumed to be isotropic. Therefore, the equivalent compliance
tensor C deﬁned in (7) is also an isotropic tensor. The equivalent Young’s modulus E and Poisson’s ratio m of
the mixture of two phases can be calculated from Eq. (7) to be:E ¼ EAEM
cEA þ ð1 cÞEM ð8aÞ
m ¼ cmMEA þ ð1 cÞmAEM
cEA þ ð1 cÞEM ð8bÞwhere (EA,mA) and (EM,mM) are the Young’s modulus and Poisson’s ratio of the austenite and martensite
phases, respectively. The equivalent elastic modulus E obtained from the above equation is consistent with
the relation proposed by Azadi et al. (2006) for a one-dimensional SMA element.
3.2. Constitutive relation of transformation strain
The total transformation strain in terms of other variables is expressed by the following equation:eðtÞij ¼ A
oP
orij
c ð9Þwhere P is the transformation potential function, and A is a scalar quantity. In general, A is a function of state
variables (eij,rij,T,c) and deformation history. Note that the reversibility of the transformation strain has al-
ready been guaranteed since for c = 0 the components of the total transformation strain tensor eðtÞij become
zero from (9). In fact, the constitutive relation assumed in Eq. (9) is similar to the equation used in deformation
theories of plasticity (Khan and Huang, 1995), in which the ﬁnite form of plastic strain is given as a function of
ﬁnal stress state. Such constitutive structures are generally inappropriate for plastic deformation, since
the path dependency of plastic strain is ignored. However, deformation theory of plasticity is applicable in
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was also implemented in study of bifurcation phenomenon and plastic buckling (Hutchinson, 1974).
In order to ﬁnd the proportionality factor A, it is assumed that:eðtÞ ¼ Detc ð10Þ
where eðtÞ is called the eﬀective transformation strain, and provides a scalar measure of the total transformation
strain. This quantity is deﬁned as:eðtÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
3
eðtÞij e
ðtÞ
ij
q
ð11ÞThe parameter Det in Eq. (10) is a material property, which indicates the maximum attainable transformation
strain during a uniaxial tension test. Substituting Eq. (9) in (11) and the subsequent result in (10) gives the
proportionality factor:A ¼ Detﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
3
oP
orij
oP
orij
q ð12ÞTherefore, the transformation strain is given by:eðtÞij ¼
Detﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
3
oP
orkl
oP
orkl
q oP
orij
c ð13ÞNote that the above relation holds at any time during the general multi-axial loading–unloading of SMA. This
means that the components of the transformation strain tensor eðtÞij can continuously change well after the end
of transformation, and adjust their direction according to the current direction of the potential gradient (reori-
entation). However, the value of the eﬀective transformation strain eðtÞ depends on the extent of transforma-
tion only, and does not change without progress in transformation (see Eq. 10). In other words, forward
(reverse) transformation increases (decreases) the magnitude of the eﬀective transformation strain eðtÞ, while
the current gradient of the potential function controls the orientation of the transformation strain tensor
eðtÞij . The reorientation of transformation strain in stress-induced martensite (oriented martensite) based on
the applied stress state has been experimentally observed for some SMAs (Zheng et al., 2000; Bouvet et al.,
2002). It has been shown that the martensite variants evolved and oriented during the stress-induced martens-
itic transformation can change their orientation with the direction of applied load (Zheng et al., 2000). An
incremental form of Eq. (14) is given below to better illustrate the reorientation feature of the model:deðtÞij ¼
Detﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
3
oP
orkl
oP
orkl
q oP
orij
dcþ Detc oorrs
oP
orijﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
3
oP
orkl
oP
orkl
q
0
B@
1
CAdrrs ð14ÞThis equation applies to both the forward (dc < 0) and reverse (dc < 0) transformations, and also when neither
of the transformations is taking place (dc = 0). The ﬁrst term on the right-hand side of this equation corre-
sponds to the phase transformation, and the second term characterizes the reorientation of transformation
strain, which may happen independently from the transformation. From this equation, there can be a non-
zero change in transformation strain deðtÞij while dc is zero. It must be reemphasized that according to Eq.
(10), the magnitude of the eﬀective transformation strain does not change if reorientation without transforma-
tion is the only mechanism of deformation.
The choice of transformation potential P is described in the next section after introducing the kinetics of
transformation.
3.3. Kinetics of transformation
It has been veriﬁed by experiments that the stress-induced martensitic transformation under multi-axial
stress state is triggered and controlled by the input mechanical work (Sittner et al., 1995). For yielding of
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followed here in the case of initiation and completion of the martensitic transformation, and its reverse trans-
formation. It is assumed that the forward transformation starts when the equivalent stress reaches a critical
value, known as the martensite nucleation stress, and the transformation ends at another critical value called
the martensite completion stress (Azadi et al., 2006). For intermediate stages (i.e., during the evolution of trans-
formation) the value of equivalent stress must be somewhere between these two critical values, depending on
the extent of transformation identiﬁed by c. It must be noted that these critical stresses are functions of tem-
perature, and the variation of temperature during the transformation aﬀects the stress required to continue the
transformation.
Based on the above discussion, the kinetic of forward transformation can be described by the following
equation:F A!Mðrij; c; T Þ ¼ 0; dc > 0 ð15Þ
where,F A!M ¼ r rMðc; T Þ ð16Þ
In this deﬁnition, r is the Von-Mises equivalent stress, and rM(c,T) is the martensitic transformation stress,
which satisﬁes the following conditions:rMð0; T Þ ¼ rMNðT Þ
rMð1; T Þ ¼ rMCðT Þ

ð17Þwhere rMN and rMC are the martensite nucleation and martensite completion stresses as functions of temper-
ature. Here, a simple linear form is assumed for rM (c,T) as:rMðc; T Þ ¼ ð1 cÞrMNðT Þ þ crMCðT Þ ð18Þ
Similarly, the kinetic of reverse transformation is governed by the following equation:FM!Aðrij; c; T Þ ¼ 0; dc < 0 ð19Þ
where,FM!A ¼ r rAðc; T Þ ð20Þ
and the austenitic transformation stress rA is:rAðc; T Þ ¼ crANðT Þ þ ð1 cÞrACðT Þ ð21Þ
rAN and rAC are the austenite nucleation and austenite completion stresses, respectively.
The nucleation and completion stresses are material properties and can be measured by uniaxial loading–
unloading tests at diﬀerent temperatures (Iadicola and Shaw, 2002). For SMAs, which exhibit Luder-like
deformation and unstable behavior in uniaxial tension (such as NiTi), the stress required to nucleate the mar-
tensite is higher than the stress associated with the completion of martensitic transformation. By contrast, the
stress required to trigger the nucleation of austenite during unloading in lower than the stress required to
propagate the reverse transformation (Iadicola and Shaw, 2002; Shaw and Kyriakides, 1997). As shown later,
such a ‘‘softening’’ feature in the kinetic of transformation results in localization and propagation of the trans-
formation front(s) in the simulations. For materials which exhibit hardening behavior during forward
(reverse) transformation, the completion stress is higher (lower) than the nucleation stress. The localization
is unlikely in those cases, and the form of rM (c,T) and rA(c,T) must be carefully chosen in order to ﬁt
the experimental data.
For c = 0 and c = 1, Eq. (15) deﬁnes two surfaces in the stress-temperature hyperspace which are called
martensite nucleation and completion surfaces. Similar surfaces are deﬁned based on Eq. (19) known as austen-
ite nucleation (c = 1) and completion (c = 0) surfaces (Azadi et al., 2006). For 0 < c < 1, the surfaces deﬁned by
(15) or (19) are enclosed between the corresponding nucleation and completion surfaces. The transformation
kinetic enforces the stress-temperature vector always lies on one of these surfaces during the evolution of
transformation, depending on the direction of transformation.
Table 1
Summary of the constitutive model
Constitutive relations:
eij ¼ CijklðcÞrkl þ 32Det Sijr c
CijklðcÞ ¼ cCðMÞijkl þ ð1 cÞCðAÞijkl
or:
deij ¼ CijklðcÞdrkl þ ðCðMÞijkl  CðAÞijklÞrkl þ 32Det Sijr
n o
dc
where,
CijklðcÞ ¼ CijklðcÞ þ 32 Detr ðdikdjl  13 dijdkl  32 SijSklr2 Þc
Sij ¼ rij  13 rkkdij
r ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3
2 SijSij
q
Kinetic relations:
forward transformation: (conditions: FA! M = 0, dc > 0, c < 1)
dFA!M = 0 or: 32
Sij
r drij  ½ð1 cÞr0MNðT Þ þ cr0MCðT ÞdT ½rMCðT Þ  rMNðT Þdc ¼ 0
reverse transformation: (conditions: FM! A = 0, dc < 0, c > 0)
dFM!A = 0 or: 32
Sij
r drij  ½cr0ANðT Þ þ ð1 cÞr0ACðT ÞdT ½rANðT Þ  rACðT Þdc ¼ 0
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ation and evolution of transformation through kinetic relations. Similar to associated ﬂow rules in plasticity,
the same equivalent stress can be used to control the ﬂow of transformation strain. Therefore, it is assumed
that the potential function in (13) is given by:P  r ð22Þ
The constitutive equations and kinetic relations described above are summarized in Table 1. It can be seen that
the general stress–strain relation, coupled with the kinetic relations form a set of highly nonlinear equations.
These equations can be linearized and numerically solved by expressing them in diﬀerential forms as shown in
Table 1. However, numerical errors may develop due to strong nonlinearity. An eﬃcient iterative method is
provided in Appendix A for solving this set of simultaneous nonlinear equations, which has been used in the
numerical examples of the next section.
As the ﬁnal remark, it should be noted that although the transformation strain in this model is expressed in
ﬁnite form (Eq. 13), the constitutive model is not totally path-independent. From the kinetic relations it is
apparent that the martensitic fraction is path-dependent and must be calculated incrementally. However,
the orientation of transformation strain tensor is a function of ﬁnal stress state and independent of loading
path.4. Numerical results
In this section, the applicability of the proposed constitutive model in simulating the Luder-like deforma-
tions during pseudoelastic response of NiTi shape memory alloys is demonstrated. A short strip of NiTi is
subjected to displacement-controlled uniaxial extension under isothermal conditions. The localized transfor-
mation behavior is simulated using the ﬁnite element method and the constitutive model described earlier.
The authors developed a FEM code in FORTRAN to do the numerical simulations.
The strip geometry and FE mesh is depicted in Fig. 1. The strip dimensions (14 · 4 · 0.4 mm) and boundary
conditions are similar to the strip modeled by Shaw and Kyriakides (1998):ujx¼0 ¼ 0; ujx¼L ¼ d ð23aÞ
vjx¼0;y¼0 ¼ 0; vjx¼L;y¼0 ¼ 0 ð23bÞwhere u and v are displacement components in the x- and y-directions, and d is the applied end displacement.
The strip was discretized with two-dimensional, 8-node isoparametric plane-stress elements. The number of
elements in the axial and transverse directions is 70 and 20, respectively, which is the same as the mesh density
used in the simulation of Shaw and Kyriakides (1998). They used three-dimensional 20-node elements with
two elements in the thickness direction. However, it is shown that the two-dimensional plane-stress ﬁnite
b= 4 mm
L= 14 mm
δ
y 
x
Point 1 
Point 2 
0.008 mm
0.2 mm
Fig. 1. (a) Geometry and ﬁnite element discretization of the strip (b) corner imperfection.
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dimensional analysis is not necessary. Note that although the ﬁnite element modeling is 2D, the normal
component of transformation strain in transverse direction still exists due to the incompressibility of transfor-
mation-induced deformation, and therefore, all important quantities are accounted for in the analysis.
A very small geometric imperfection is introduced at the lower right corner of the strip (x = 0, y = b/2) in
order to initiate the transformation at this point as a result of stress concentration (Fig. 1b). The imperfection
has the shape of a cosine function (half period) with amplitude of 4 · 103 mm and width of 0.4 mm.
The elastic behavior of the individual austenite and martensite phases was assumed isotropic and homoge-
neous. The mechanical parameters chosen for this analysis are given in Table 2. The critical values of stress for
initiation and completion of transformation were obtained by ﬁtting the results of the simulations to the nucle-
ation and propagation stresses of NiTi strips observed in the experimental results reported by Shaw and
Kyriakides (1997). The elastic moduli of austenite and martensite, and maximum engineering transformation
strain (Det) were also chosen based on the tri-linear stress–strain model used in the simulation of Shaw and
Kyriakides (1998). For better illustration of material properties given in Table 2, the local one-dimensional
stress–strain response for one complete loading–unloading cycle is shown in Fig. 2. The upper and lower inter-
mediate branches correspond to the forward and reverse transformations. The intermediate branches slightly
deviate from perfect straight lines due to variation of elastic modulus with martensitic fraction (see Eq. 8a).
Note that the nominal stresses and engineering strains have been converted into corresponding second
Piola–Kirchhoﬀ stresses and Green strains to be used in the FEM calculations.
The force-displacement responses from the present simulation and simulation of Shaw and Kyriakides
(1998) are shown in Fig. 3. Since Shaw and Kyriakides (1998) only simulated the forward transformation,
the comparison with their work is possible only for the forward transformation. As seen in Fig. 3, the result
of present model show fully recovery of deformation upon unloading. A stress peak at the nucleation ofTable 2
Mechanical properties of the NiTi strip at 25 C
Parameter Value
Elastic modulus of austenite EA (GPa) 62.7
Elastic modulus of martensite EM (GPa) 38.7
Poisson’s ratio mA, mM 0.3
Transformation strain Det 0.0398
Martensite nucleation stress rMN (MPa) 418
Martensite completion stress rMC (MPa) 362
Austenite nucleation stress rAN (MPa) 157
Austenite completion stress rAC (MPa) 196
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Fig. 2. Local uniaxial engineering stress–strain response of SMA.
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Fig. 3. Force-displacement response of SMA short strip.
6482 B. Azadi et al. / International Journal of Solids and Structures 44 (2007) 6473–6490forward transformation and a small dip at the end of upper stress plateau that are typically observed in the
experiments can also be found in the results corresponding to both simulations.
A set of contour plots showing the martensitic fraction during the forward transformation is shown in
Fig. 4. Each contour represents the extent of transformation corresponding to various applied displacements.
Transformation is ﬁrst nucleated at the lower right corner due to stress concentration. Initially, a Hill-type
special localization is formed which later switches to a ﬁnger-type pattern as the transformation propagates.
This type of transformation pattern is also observed in the experimental observations (Shaw and Kyriakides,
1998). The mechanism of successive formation of ﬁnger-like edges in alternate directions is described in detail
by Shaw and Kyriakides (1998).
In Fig. 5, black and white regions of axial strain at selected loading stages are compared with those from
Shaw and Kyriakides (1998). The Green–Lagrange strains were converted to true strains (logarithmic strains)
for this purpose. The regions with axial strain of 2% or higher are shown in black and those with lower axial
strains are in white color. In the ﬁrst three plots, the transformation patterns from the two simulations are
identical. The axial strain contours then start showing some deviation from each other, although the overall
pattern of the transformation front remains similar.
Fig. 4. Sequence of martensitic fraction contours during loading.
Fig. 5. Sequence of logarithmic axial strain distribution during loading.
B. Azadi et al. / International Journal of Solids and Structures 44 (2007) 6473–6490 6483Distribution of eﬀective stress during loading at various stages is shown in Fig. 6. Although the strip is
subjected to uniaxial extension, the state of stress is not uniaxial at the transformation front due to deforma-
tion localization. Deformation localization produces high stress concentration in the particles next to the
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Fig. 6. Equivalent stress contours during loading at selected loading stages.
6484 B. Azadi et al. / International Journal of Solids and Structures 44 (2007) 6473–6490transformation front. This eﬀect makes the front to move upward. Despite the complex stress state at the
front, the stress ﬁeld is uniformly distributed in the martensitic phase. The key to this behavior is the reori-
entation of transformation strain after completion of transformation. The loading is terminated at
d/L = 4.79%, just before the entire domain transforms into martensite. This leaves some small partially
untransformed areas near the x = L end.
The evolution of martensitic fraction during reverse transformation (unloading) is plotted in Fig. 7. The
reveres transformation started at the partially untransformed regions (martensite–austenite mixture) left at
the end of loading phase. The reverse transformation initially proceeds along an inclined band, but soon after
a rather symmetric crisscross pattern is formed. This crisscross pattern remains during the propagation of
reverse transformation front, and the sharp ﬁnger-type edges that were seen during loading are not present.
The distributions of equivalent stress during unloading at selected extensions are shown in Fig. 8. It is inter-
esting to see that the level of stress is lower in the martensite side of the front, making it possible for the reverse
transformation front to move downward.
In order to better illustrate the multi-axiality of the stress state, and reorientation of transformation strain
in the proposed constitutive model, the variation in stress, transformation strain, and martensitic fraction dur-
ing loading and unloading at two sample points are shown in Fig. 9. According to the coordinate system
shown in Fig. 1, Point 1 is located at (x = 0.4L, y = 0) and Point 2 is located at (x = 0.4L, y = b/4).
The transformation from austenite to martensite during loading happens quite suddenly at these points.
The state of stress is two-dimensional during the forward transformation, but it gradually becomes uniax-
ial again as the transformation front passes over. As explained earlier, the multi-axiality of the stress state
during the transformation is due to the localization of deformation. As a result, the transformation strain
tensor that is produced during the forward transformation has three non-zero in-plane components. How-
ever, the components of transformation strain keep changing after the completion of the forward trans-
formation to align themselves with the applied stress. In this example, the shear component of
transformation strain gradually becomes zero after the completion of the forward transformation. During
the reverse transformation, it is seen that the state of stress becomes two-dimensional again due to defor-
mation localization at the reverse transformation front. Eventually, the transformation strain is fully
recovered at Points 1 and 2.
Fig. 7. Sequence of martensitic fraction contours during unloading.
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Fig. 8. Equivalent stress contours during unloading at selected extensions.
B. Azadi et al. / International Journal of Solids and Structures 44 (2007) 6473–6490 6485A comment regarding the mesh sensitivity of the FEM analysis is necessary. A convergence study was con-
ducted to examine the eﬀect of mesh size. Several coarser meshes and one ﬁner mesh were tried. A good con-
vergence of results was observed for the nucleation event, and propagation of transformation front during
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6486 B. Azadi et al. / International Journal of Solids and Structures 44 (2007) 6473–6490forward transformation up to d/L = 1.5%. However, for the rest of loading–unloading response, some minor
mesh sensitivity was observed due to the softening behavior embedded in the kinetic of transformation. As
stated by Shaw and Kyriakides (1998), the recovery of material stability at the end of phase transformation
has an overall stabilizing eﬀect on the solution, since the localized deformation is eventually arrested. There-
fore, the mesh sensitivity has a minor eﬀect on the shape of the propagating transformation front at particular
loading/unloading stages (after d/L = 1.5%). However, the force-displacement response and the overall fea-
tures of the transformation front during forward or reverse transformation were hardly aﬀected by the mesh
size.
Fig. 10. Sequence of martensitic fraction contours during unloading based on an incremental ﬂow rule of transformation (Azadi, in
progress).
B. Azadi et al. / International Journal of Solids and Structures 44 (2007) 6473–6490 6487For the purpose of comparison, an incremental constitutive model was also considered to simulate this
problem. The incremental constitutive relations were developed based on Eq. (3), given by:deij ¼ CijklðcÞdrkl þ ðCðMÞijkl  CðAÞijklÞrkl þ 32Det Sijr
n o
dc forward trans: ðdcP 0Þ
deij ¼ CijklðcÞdrkl þ eij  CðAÞijklrkl
n o
dc
c reverse trans: ðdc 6 0Þ
8><
>: ð24ÞThe kinetics of transformation were similar to those described earlier in this paper. This incremental
constitutive model can be shown to be reversible for an individual material point. Further details
on derivation of this model, and corresponding simulation results can be found in Azadi (in
progress).
The unloading results of the simulation based on (24) are shown in Fig. 10. Initially, a ﬁnger-type
transformation front seems to be the dominant moving front. However, further unloading results in ran-
dom nucleation of transformation at many sites, and a distinct moving front does not exist anymore. The
reason for this behavior is the biased non-uniform stress distribution throughout the domain. This biased
stress distribution is a result of the non-uniform transformation strain produced during the forward trans-
formation. By further unloading, the stress concentration in martensitic areas increases due to the mis-
match in strain between the neighboring transformed and untransformed regions. This process locks
the martensite particles and prevents them from transforming back into austenite. Consequently, the trans-
formation strain is not recovered at every point, and a large residual stress remains at the end of unload-
ing. On the other hand, in the total deformation model described earlier, the reorientation of
transformation strain during and after the transformation results in a fairly uniform distribution of stress
across the transformed areas (Fig. 6). This prevents particles from being locked in the localized high stress
concentration zones during reverse transformation.
5. Summary and conclusions
A constitutive model is proposed in this paper to simulate the Luder-like behavior and localized trans-
formations that take place during the uniaxial extension of a NiTi strip. The model is based on a total
deformation constitutive relation, which accommodates the simultaneous transformation and reorientation
of transformation strain according to the current state of stress. The reorientation in this model may also
happen independent from the transformation. Based on the results presented, the following conclusions
can be drawn:
(1) Macromechanical constitutive models require careful consideration when applied to problems that
involve localization of deformation or complex states of stress. The reversibility of transformation strain
in a constitutive model for a single material point does not guarantee the shape recovery in a ﬁnite con-
tinuum volume subjected to a non-uniform stress distribution.
6488 B. Azadi et al. / International Journal of Solids and Structures 44 (2007) 6473–6490(2) Although the state of stress at the transformation front is quite complex, the stress distribution is very
smooth in the pure martensite/austenite phases based on the simulation results. The reason is that in the
proposed model, the direction of the transformation strain tensor is continuously updated according to
the current direction of stress, which minimizes the mismatch between transformed and untransformed
areas.
(3) The reorientation of the transformation strain tensor plays an important role in the propagation of
the transformation front during reverse transformation. The results of simulation based on the pres-
ent model show that the reorientation phenomenon produces a favorable stress ﬁeld for the propa-
gation of current front. In other words, the stress is higher on the austenite side of the front during
loading, and lower on the martensite side of the front during unloading compared to other points in
the specimen.
Based on the above observations, the total transformation strain model presented here is clearly successful
in describing the pseudoelastic behavior of SMAs involving transformation front propagation and/or complex
stress distribution. Further experimental and analytical investigations are required to verify the eﬀectiveness of
this type of constitutive models in describing the pseudoelastic responses of general multi-dimensional
problems.Acknowledgment
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Appendix A. Numerical solution of constitutive relations
In this section, a numerical solution of the nonlinear constitutive relations of the proposed model
during the forward or reverse transformation is provided. If the total strain tensor e and temperature
T are prescribed during the transformation, it is desired to ﬁnd the stress tensor r and martensitic
fraction c.
The stress–strain relation can be written in vector form as:feg ¼ ½CðcÞfrg þ 3
2
Detc
1
r
fSg ðA-1Þwhere,feg ¼
e11
e22
e33
e23
e13
e12
8>>>>><
>>>>>:
9>>>>>=
>>>>>;
; rf g ¼
r11
r22
r33
r23
r13
r12
8>>>>><
>>>>>:
9>>>>>=
>>>>>;
; Sf g ¼
S11
S22
S33
S23
S13
S12
8>>>>><
>>>>>:
9>>>>>=
>>>>>;
ðA-2Þand,½CðcÞ ¼ c½CðMÞ þ ð1 cÞ½CðAÞ ðA-3Þ
[C(M)] and [C(A)] are the elastic compliance matrices of martensite and austenite, respectively.
If elastic deformation and reorientation are the only mechanisms of deformation (i.e., dc = 0), Newton–
Raphson or other iterative methods can be used to solve Eq. (A-1). When simultaneous elastic deformation,
reorientation, and transformation take place, the additional kinetic relation is given by:r ¼ Y ðcÞ ðA-4Þ
B. Azadi et al. / International Journal of Solids and Structures 44 (2007) 6473–6490 6489where,Y ðcÞ ¼ ð1 cÞrMNðT Þ þ crMCðT Þ forward transformation
crANðT Þ þ ð1 cÞrACðT Þ reverse transformation

ðA-5ÞUsing (A-4), Eq. (A-1) can be rewritten in the following form:feg ¼ ½C^ðcÞfrg ðA-6Þ
where,½C^ðcÞ ¼ ½CðcÞ þ Detc
Y ðcÞ
1  1
2
 1
2
0 0 0
1  1
2
0 0 0
1 0 0 0
3
2
0 0
Symm: 3
2
0
3
2
2
666666664
3
777777775
ðA-7ÞFrom (A-6) and (A-7) r can be expressed in terms of e and c as:frg ¼ ½C^ðcÞ1feg ðA-8Þ
Substitution of (A-8) in (A-4) gives an algebraic equation in terms of c as:f ðcÞ ¼ rðcÞ  Y ðcÞ ¼ 0 ðA-9Þ
Newton–Raphson iterative scheme can be utilized to numerically solve above equation for c. That is,dcðiþ1Þ ¼  f ðiÞ
df
dcð ÞðiÞ
cðiþ1Þ ¼ cðiÞ þ dcðiþ1Þ
8<
: ðA-10ÞFollowing some matrix manipulations it can be shown that:df
dc
¼  3
2
1
r
fSgT½C^ðcÞ1½ d
dc
C^ðcÞfrg  d
dc
Y ðcÞ ðA-11Þwhere {r}, {S}, and r are to be calculated from (A-8).References
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